Chapter 6

The Time Value of Money:
Annuities and Other Topics

Outline

» Learning Objectives

» Principles Used in This Chapter
1. Annuities
2. Perpetuities
3. Complex Cash Flow Streams

Learning Objectives

1. Distinguish between an ordinary annuity and
an annuity due, and calculate present and
future values of each.

2. Calculate the present value of a level
perpetuity and a growing perpetuity.

* Need this for stock valuation

3. Calculate the present and future value of
complex cash flow streams.

* Need this for bond valuation, capital budgeting




Principles Used in This Chapter

» Principle 1: Money Has a Time Value.
> This chapter applies the time value of money
concepts to annuities, perpetuities and complex
cash flows.
» Principle 3: Cash Flows Are the Source of
Value.
> This chapter introduces the idea that principle 1 and
principle 3 will be combined to value stocks, bonds,
and investment proposals.

\

6.1 Annuities

Ordinary Annuities

» An annuity is a series of equal dollar
payments that are made at the end of
equidistant points in time such as monthly,
quarterly, or annually over a finite period of
time.

» If payments are made at the end of each
period, the annuity is referred to as ordinary
annuity.




Ordinary Annuities

» Example 6.1 How much money will you
accumulate by the end of year 10 if you
deposit $3,000 each for the next ten years in
a savings account that earns 5% per year?

» We can determine the answer by using the

equation for computing the future value of an
ordinary annuity.

\

Future Value of an Ordinary Annuity
FV, = PMT{w}

!

» FV,, = FV of annuity at the end of nth period.

» PMT = annuity payment deposited or received at
the end of each period

» i = interest rate per period
» n = number of periods for which annuity will last

Future Value of an Ordinary Annuity
FV, = PMT{w}

I

v FV = §3000 {[ (1+.05)0 - 1] = (.05)}
= $3,000 {[0.63] = (.05) }
= $3,000 {12.58}
= $37,740




Future Value of an Ordinary Annuity

» Using a Financial Calculator

» Enter
- N=10
o 1/y=75.0
s PV =0
o PMT = -3000

- FV = $37,733.67

\

Solving for PMT in an Ordinary Annuity

» Instead of figuring out how much money you
will accumulate (i.e. FV), you may like to know
how much you need to save each period (i.e.
PMT) in order to accumulate a certain amount
at the end of n years.

» In this case, we know the values of n, i, and
FV,in equation 6-1c and we need to
determine the value of PMT.

Solving for PMT in an Ordinary Annuity

» Example 6.2: Suppose you would like to have
$25,000 saved 6 years from now to pay
towards your down payment on a new house.
If you are going to make equal annual end-
of-year payments to an investment account
that pays 7 per cent, how big do these annual
payments need to be?




Solving for PMT in an Ordinary Annuity

(1 + iy'—1
FV, = PMT| —————

!

» Here we know, FV, = $25,000; n = 6; and
i=7% and we need to determine PMT.

\

Solving for PMT in an Ordinary Annuity

(1 + iy'—1
FV, = PMT{#}
» $25,000 = PMT{[ (1+.076 - 1] = (07)}
= PMT{ [.50] + (.07) }
= PMT {7.153}
$25,000 = 7.153 = PMT = $3,495.03

Solving for PMT in an Ordinary Annuity

» Using a Financial Calculator.
» Enter

> N=6

o 1)y=7

°oPV=0

o FV = 25000

o PMT = -3,494.89




Checkpoint 6.1

Solving for an Ordinary Annuity Payment

How much must you deposit in a savings account earning 8%
annual interest in order to accumulate $5,000 at the end of 10
years? Let’s solve this problem using the mathematical formulas
and a financial calculator.

Checlkpoint 6.1

STEP 1: Picture the problem

BT n
IR N T S T Lo |
i . v . . 0 . v 1
MCashFlow o FMT PMT PMT FMT PMT BMT PMT EMT PMT BMT The Fuure Value
B R B I 1, of ity for
We m{.h.ng 10 years at ¥% = 85,000
for PMT

STEP 2: Decide on a solution strategy

Checkpoint 6.1

STEP 3: Solution
Using the Mathematical Formulas. Substituting these example values in Equat

Using a Financial Calculator.

Enter 0 0

D = @ ED E

Salve for 34515

5,000

Using an Excel Spreadsheet.

\




Checkpoint 6.1

STEP 4: Analyze

Checkpoint 6.1: Check Yourself

If you can earn 12 percent on your investments, and you would
like to accumulate $100,000 for your child’s education at the end
of 18 years, how much must you invest annually to reach your
goal?

Step 1: Picture the Problem

i=12% 0 1 2. 18
Years
PMT PMT PMT

Cash flow
/ The FV of annuif
for 18 years

At 12% =
$100,000

We are solving
for PMT

—




Step 2: Decide on a Solution Strategy

» This is a future value of an annuity problem
where we know the n, i, FV and we are solving
for PMT.

» We will use equation 6-1c to solve the
problem.

\

Step 3: Solution

» Using the Mathematical Formula
(1 + n”—l}

FV, = PMT[

» §100,000 = PMT{[ (1+.1208 - 1] = (12)}
= PMT{ [6.69] = (.12) }
= PMT {55.75}
$100,000 = 55.75 = PMT = $1,793.73

Step 3: Solution

» Using a Financial Calculator.

» Enter
o N=18
o 1/y=12.0
PV =0
o FV = 100000
o PMT = -1,793.73




Step 4: Analyze

» If we contribute $1,793.73 every year for 18
years, we should be able to reach our goal of
accumulating $100,000 if we earn a 12%
return on our investments.

» Note the last payment of $1,793.73 occurs at
the end of year 18. In effect, the final
payment does not have a chance to earn any
interest.

\

Solving for Interest Rate in an
Ordinary Annuity

» You can also solve for “interest rate” you must
earn on your investment that will allow your
savings to grow to a certain amount of money by a
future date.

» In this case, we know the values of n, PMT, and FV,
in equation 6-1c and we need to determine the
value of i.

Solving for Interest Rate in an Ordinary
Annuity

» Example 6.3: In 20 years, you are hoping to
have saved $100,000 towards your child’s
college education. If you are able to save
$2,500 at the end of each year for the next 20
years, what rate of return must you earn on
your investments in order to achieve your
goal?




Solving for Interest Rate in an Ordinary
Annuity

» Using the Mathematical Formula

(1 + =
FV, = PMT| ————
i

» $100,000 = $2,500{[ (14120 - 1] = (}]
v a0 ={[ a+io-1] = @)}

wn

» The only way to solve for “i” mathematically is
by trial and error.

» That is why we solve using a calculator

Solving for Interest Rate in an
Ordinary Annuity

» Using a Financial Calculator
» Enter

>N =20

o PMT = -$2,500

> FV = $100,000

° PV = $0

°i=6.77

Solving for the Number of Periods in
an Ordinary Annuity

» You may want to calculate the number of
periods it will take for an annuity to reach a
certain future value, given interest rate.

» It is easier to solve for number of periods
using financial calculator or excel, rather than
mathematical formula.

10



Salving for the Number of Periods in

an Ordinary Annuity
» Example 6.4: Suppose you are investing
$6,000 at the end of each year in an account

that pays 5%. How long will it take before the
account is worth $50,0007?

\\

Solving for the Number of Periods in
an Ordinary Annuity

» Using a Financial Calculator

» Enter
o 1/y= 5.0
PV =0
o PMT = -6,000
- FV = 50,000
o N=7.14

Present Value of an Ordinary Annuity

» The present value of an ordinary annuity
measures the value today of a stream of cash
flows occurring in the future.

11



Present Value of an Ordinary Annuity

» For example, we will compute the PV of

ordinary annuity if we wish to answer the
question:

» What is the value today or lump sum

equivalent of receiving $3,000 every year for
the next 30 years if the interest rate is 5%?

\

Present Value of an Ordinary Annuity

» Figure 6-2 shows the lump sum equivalent

($2,106.18) of receiving $500 per year for the
next five years at an interest rate of 6%.

Timeline of a Five-Year, $500 Annuity Discounted Back to the Present at 6 Percent

e +(1.06)"

S

419814 2 (10§

X

17843
PV of Annaity = $2,106.18
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Present Value of an Ordinary Annuity

|

» PMT = annuity payment deposited or
received at the end of each period.

» i = discount rate (or interest rate) on a per
period basis.

» n = number of periods for which the
annuity will last.

\

l —
(1 +ir
Present Value = PMT| ——
i

Present Value of an Ordinary Annuity

|

» It is important that “n” and “i” match.

» If periods are expressed in terms of number
of monthly payments, the interest rate must
be expressed in terms of the interest rate per
month.

B (+a"
Present Value = PMT| ——
i

Checkpaoint 6.2

The Present Value of an Ordinary Annuity

Your grandmother has offered to give you $1,000 per year for
the next 10 years. What is the present value of this 10-year,
$1,000 annuity discounted back to the present at 5 percent?
Let’s solve this using the mathematical formula, a financial
calculator, and an Excel spreadsheet.

13



Checkpaoint 6.2

STEP 1: Picture the problem

a up the present I | | I | |
fall the cash

find the present

the annuity

Checkpoint 6.2

STEP 3: Solution
Using the Mathematical Formulas. Substituting these axamgk vakses in Bquation (B-2t), we find that

Using a Financial Calculator.

' 0 B &

Using an Excel Spreadsheet.
Pvirate nper,

STEP a: Analyze

Checkpaint 6.2: Check Yourself

What is the present value of an annuity of $10,000 to
be received at the end of each year for 10 years given
a 10 percent discount rate?

14



Step 1: Picture the Problem

i=10%

0 1 2. 10
Years
Cash flow $10,000 $10,000 $10,000

Sum up the present
Value of all the cash
flows to find the

PV of the annuity

\

Step 2: Decide on a Solution Strategy

» In this case we are trying to determine the
present value of an annuity. We know the
number of years (n), discount rate (i), dollar
value received at the end of each year (PMT).

» We can use equation 6-2b to solve this
problem.

Step 3: Solution

» Using the Mathematical Formula

1
- 1+ 0"
Present Value = PMT| —————
i

» PV = $10,000 {[1-(1/(.10)0] = (.10}
= $10,000{[ 0.6145] +~ (.10)}
= $10,000 {6.145)
= $ 61,445

15



Step 3: Solution

» Using a Financial Calculator

» Enter
*N=10
o 1/y=10.0
> PMT = -10,000
s FV =0

> PV = 61,445.67

\

Step 4: Analyze

» A lump sum or one time payment today of
$61,446 is equivalent to receiving $10,000
every year for 10 years given a 10 percent
discount rate.

Amortized Loans

» An amortized loan is a loan paid off in equal
payments - consequently, the loan payments
are an annuity.

» Examples: Home mortgage loans, Auto loans

16



Amortized Loans

» In an amortized loan,

> the present value can be thought of as the amount
borrowed,

> nis the number of periods the loan lasts for,

o fis the interest rate per period,

o future value takes on zero because the loan will be
paid of after n periods, and

o paymentis the loan payment that is made.

\

Amortized Loans

» Example 6.5 Suppose you plan to get a
$9,000 loan from a furniture dealer at 18%
annual interest with annual payments that you
will pay off in over five years.

» What will your annual payments be on this
loan?

Amortized Loans

» Using a Financial Calculator
» Enter

°oN=5

oi/y=18.0

> PV = 9000

°cFV =0

> PMT = -$2,878.00

17



The Loan Amortization Schedule

Year |Amount Owed Annuity Interest Repayment | Outstanding
on Principal at | Payment Portion of the Loan Balance
the Beginning @) of the Principal at Year end,
of the Year (1) Annuity (3) | Portion of After the

=(1)x the Annuity | Annuity
18% @) = Payment (5)
@ - =(L-®
1 $9,000 $2,878 $1,620.00 $1,258.00 $7,742.00
2 $7,742 $2,878 $1,393.56 $1,484.44 $6,257.56
3 $6257.56 $2,878 $1,126.36 $1,751.64 $4,505.92
4 $4,505.92 $2,878 $811.07 $2,066.93 $2,438.98
5 $2,438.98 $2,878 $439.02 $2,438.98 $0.00

\

The Loan Amortization Schedule

» We can observe the following from the table:
o Size of each payment remains the same.
o However, Interest payment declines each year as the
amount owed declines and more of the principal is
repaid.

Amortized Leans with Monthly Payments

» Many loans such as auto and home loans
require monthly payments.

» This requires converting 7 to number of
months and computing the monthly interest
rate.

18



Amartized Loans with Monthly Payments

» Example 6.6 You have just found the perfect
home. However, in order to buy it, you will
need to take out a $300,000, 30-year
mortgage at an annual rate of 6 percent.

» What will your monthly mortgage payments
be?

\

Amartized Loans with Monthly Payments

» Mathematical Formula

1
1
PV = PMT{ (1 + annual interest rate/p)"mber of years%m

annual interest rate/m

» Here annual interest rate = .06, number of
years = 30, m=12, PV = $300,000

Amaortized Loans with Monthly Payments

> $300,000= PMT [ }
1- 1/(1+.06/12)3%

.06/12

$300,000 = PMT [166.79]

$300,000 + 166.79 = $1798.67

19



Amartized Loans with Monthly Payments

» Using a Financial Calculator

» Enter
> N=360
o ljly=.5
> PV = 300000
s FV =0
o PMT = -1798.65

\

Checkpaint 6.3

Determining the Outstanding Balance of a Loan

Let’s say that exactly ten years ago you took out a $200,000, 30-year
mortgage with an annual interest rate of 9 percent and monthly
payments of $1,609.25.

But since you took out that loan, interest rates have dropped. You now
have the opportunity to refinance your loan at an annual rate of 7
percent over 20 years.

You need to know what the outstanding balance on your current loan is
so0 you can take out a lower-interest-rate loan and pay it off.

If you just made the 120th payment and have 240 payments remaining,
what’s your current loan balance?

Checkpoint 6.3

STEP 1: Picture the problem

Since we ars irying to determine how much you still owe on your oan, we need ‘0 determine the present velus
o'your remaining payments. n this case, because we are cealing with a 30-year loan, with 240 remaining monthly
paymerts, its a bit difficult to draw a timeine that shows al the monthly cash flows. Stll we can mentally visual-
ize the prablem which involves celculating the present value of 240 payments of §1,609.25 using & discount rate
o 9%/12.

STEP 2: Decide on a solution strategy

Initially you tock out @ $200,000, 30-year morigage with an ntersst rate of 9 percent, and monthly payments of
$1,609.25. Since you hava made 10 years warth of peyments—that's 120 morthly payments—there are only
240 payrrents left before your mortgage will be totally pad of. We know that the outstanding balance is the pras-
entvalus of all the future monthly peyments. To fnd the present value of these future monthly payments, vl uss
Equation (6-2c)

\
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Checkpoint 6.3

BTEP 3: Solve
Using the Mathomatical Formauas.
Using Eeps e "

B-2a)

Using a Financial Calcutator.

Enter

3 N ) S I o W )

Sobve for VTR A02

Using an Excel Spreadshoet

Checkpaoint 6.3

STEP 4: Analyze

To solve this problerr, we began with our monthly payments. Then we determined what the present value was
of the remaining payments—this is how much you stil owe. Thus, after making 10 years of monthly payments
onyour $200,C00 mortgage that originally had ameturty of 30 years and carries a 9% annual rate of interest with
monthly payments of $1,609.25, you still owe $178,830.02.

The logic benind what was done hers s that the amount you owe on alcan should be equal o the present value
of the remaining loan payments. However, if interest rates dropped and you decided to refinance your mortgage,
you'd find that there are some real costs associated with refinancing that we naven't touched cn here. For ex-
ample, trere is an agplication fee, an appraisal fee, legal and tille search fees, an origination fee for processing
the loan, and a prepayment panatty, all acdig to the cost of refinancing. Once you decide on a mortgage refi-
nancing lander, make sure that you get all of your mortgage refinancing terms writen down on paper.

Checkpaint 6.3: Check Yoursali

Let’s assume you took out a $300,000, 30-year mortgage with
an annual interest rate of 8%, and monthly payment of
$2,201.29.

Since you have made 15 years worth of payments, there are 180
monthly payments left before your mortgage will be totally paid
off.

How much do you still owe on your mortgage?

21



Step 1: Picture the Problem

i=(.08/12)% 0 7 3.
Years
Cash flow PV $2,201.29 $2,201.29 $2,201.29

/

We are solving for PV of
180 payments of $2,201.29
Using a discount rate of
8%/12

\

180

Step 2: Decide on a Solution Strategy

» You took out a 30-year mortgage of
$300,000 with an interest rate of 8% and
monthly payment of $2,201.29. Since you
have made payments for 15-years (or 180
months), there are 180 payments left before
the mortgage will be fully paid off.

Step 2: Decide on a Solution Strategy

» The outstanding balance on the loan at
anytime is equal to the present value of all the
future monthly payments.

» Here we will use equation 6-2c to determine
the present value of future payments for the
remaining 15-years or 180 months.

22



Step 3: Solve

» Using Mathematical Formula

1
1 - —
PV = PMT (1 + annual interest rate/p)" " oy
annual interest rate/m

» Here annual interest rate = .09; number of
years =15, m = 12, PMT = $2,201.29

\

Solve
o PV = $2,201.29 1- 1/(1+.08/12)180
.08/12
= $2,201.29[104.64]
= $230,344.95
Solve
» Using a Financial Calculator
» Enter
>N =180
o 1/y=8/12
o PMT = -2201.29
<FV=0

o PV = $230,344.29

23



Step 4: Analyze

» The amount you owe equals the present value
of the remaining payments.

» Here we see that even after making payments
for 15-years, you still owe around $230,344
on the original loan of $300,000.

» Thus, most of the payment during the initial
years goes towards the interest rather than
the principal.

\

Annuities Due

» Annuity due is an annuity in which all the cash
flows occur at the beginning of the period.
> Rent payments on apartments are typically annuity
due as rent is paid at the beginning of the month.
> Premium payments on insurance policies are
typically annuity due since they are paid at the
beginning of the month or beginning of the year.

Annuities Due: Future Value

» Computation of future value of an annuity due
requires compounding the cash flows for one
additional period, beyond an ordinary annuity.

. (=1
FV (annuity due) = PMT | ————|(1 + i)
i

24



Annuities Due: Future Value

» Recall Example 6.1 where we calculated the
future value of 10-year ordinary annuity of
$3,000 earning 5 per cent to be $37,734.

» What will be the future value if the deposits of
$3,000 were made at the beginning of the
year i.e. the cash flows were annuity due?

\

Annuities Due: Future Value

i

1+ 1
FV (annuity due) = PMT[{ i (1 + i)

» FV = $3000 {[ (1+.05)° - 1] = (.05)} (1.05)
= $3,000 {[0.63] = (.05) } (1.05)
= $3,000 {12.58}(1.05)
= $39,620

Annuities Due: Present Value

» Since with annuity due, each cash flow is
received one year earlier, its present value will
be discounted back for one less period.

I
1 —
PV(annuity due) = PMT (T+0" |1+
i

25



Annuities Due: Present Value

» Recall checkpoint 6.2 Check yourself problem
where we computed the PV of 10-year
ordinary annuity of $10,000 at a 10 percent
discount rate to be equal to $61,446.

» What will be the present value if $10,000 is
received at the beginning of each year i.e. the
cash flows were annuity due?

\

Annuities Due: Present Value
o
PV(annuity due) = PMT (1+8" [(1+10)
i
» PVAD = $10,000 {[1-(1/(1.10)'9] = (.10)} (1.1)
= $10,000{[ 0.6144] = (.10)}(1.1)

=$10,000{6.144) (1.1)
= $ 67,590

Annuities Due

» The examples illustrate that both the future
value and present value of an annuity due are
larger than that of an ordinary annuity
because, in each case, all payments are
received or paid earlier.
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6.2 Perpetuities

Perpetuities

» A perpetuity is an annuity that continues
forever or has no maturity. For example, a
dividend stream on a share of preferred stock.
There are two basic types of perpetuities:

- Level perpetuity in which the payments are constant
rate from period to period.

> Growing perpetuity in which cash flows grow at a
constant rate, g, from period to period.

Present Value of a Level Perpetuity

_ pPMT

i

» PV = the present value of a level perpetuity

» PMT = the constant dollar amount provided
by the perpetuity

» i = the interest (or discount) rate per period

PV

27



» Example 6.6 What is the present value of
$600 perpetuity at 7% discount rate?

PM

!

» PV =$600 + .07 = $8,571.43

PV =

\

Present Value of a Level Perpetuity

Checkpaint 6.4

The Present Value of a Level Perpetuity
What is the present value of a perpetuity of
$500 paid annually discounted back to the
present at 8 percent?

Checkpoint 6.4

STEP 1: Picture the problem

28



Checkpoint 6.4

STEP 3: Solve

STEP 4: Analyze

Checkpoint 6.4: Check Yourself

What is the present value of stream of payments
equal to $90,000 paid annually and discounted back
to the present at 9 percent?

Step 1: Picture the Problem

» With a level perpetuity, a timeline goes on forever with
the same cash flow occurring every period.
i=9%
Years

|0|I|2|3...| R%I

Cash flows $90,000 $90,000 $90,000 $90.000/

Present Value = ? ~
The $90,000
cash flow
goon
forever

29



Step 2: Decide on a Solution Strategy

» Present Value of Perpetuity can be solved
easily using mathematical equation as given
by equation 6-5.

\

Step 3: Solve

_ PMT

i

PV

» PV = $90,000 + .09 = $1,000,000

Step 4: Analyze

» Here the present value of perpetuity is
$1,000,000.

» The present value of perpetuity is not affected
by time. Thus, the perpetuity will be worth
$1,000,000 at 5 years and at 100 years.




Present Value of a Growing Perpetuity

» In growing perpetuities, the periodic cash
flows grow at a constant rate each period.

» The present value of a growing perpetuity can
be calculated using a simple mathematical
equation.

\

Present Value of a Growing Perpetuity

PMT yerioa s

i—g
PV = Present value of a growing perpetuity
PMT . i0q 1 = Payment made at the end of first
period
i = rate of interest used to discount the growing
perpetuity’s cash flows

g = the rate of growth in the payment of cash flows
from period to period

PV =

v v

v

v

Checkpaoint 6.5

The Present Value of a Growing Perpetuity

What is the present value of a perpetuity stream of cash flows
that pays $500 at the end of year one but grows at a rate of 4%
per year indefinitely? The rate of interest used to discount the
cash flows is 8%.
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Checkpoint 6.5

STEP 1: Picture the problem

Present Vabse » ¥

STEP 2: Decide on a solution strategy

Ba

Checkpoint 6.5
STEP 3: Solve
Substituting PMT g = $600, g = .04, and i = .08 into Equation (6-5), we find

_ Moot $500
S oi-g 8-

P\

= 512,500

Thus, the oresent value of the growing perpetuity is $12,500.

STEP 4: Analyze

Comparing the valug of the 500 level perpetuity in Checkpoint 6-5 to the $500 perpetuity that grows at 4% per
year we see that adding growth to the cash flows has adramatic effect n fts value. To see why this occurs, con-
sider the year 50 payment under both the level perpetuity and growing peroetuty. For the level perpetuty; this
paymznt s stil $500; hewever, for the growing perpetuty the oayment for year 50 is the follcwing:

PUT 2 = 95001 + 04 = $3,553.34

Checkpaoint 6.5: Check Yourself

What is the present value of a stream of payments where the
year 1 payment is $90,000 and the future payments grow at a
rate of 5% per year? The interest rate used to discount the
payments is 9%.
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Step 1: Picture the Problem

» With a growing perpetuity, a timeline goes on for
ever with the growing cash flow occurring every
period.

i=9%

Years 0 1 2 ... |

Cash flows $90,000 (1.05)  $90,000 (1.05)?
Present Value = ?
The growing

cash flows

go on

\ forever

Step 2: Decide on a Solution Strategy

» The present value of a growing perpetuity can
be computed by using equation 6-6.

» We can substitute the values of PMT
($90,000), i (9%) and g (5%) in equation 6-6 to
determine the present value.

Step 3: Solve

_ PMT}::‘rfrJr.l’I
i—g

PV

» PV = $90,000 -+ (.09-.05)
= $90,000 + .04
= $2,250,000
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Step 4: Analyze

» Comparing the present value of a level
perpetuity (checkpoint 6.4: check yourself)
with a growing perpetuity (checkpoint 6.5:
check yourself) shows that adding a 5%
growth rate has a dramatic effect on the
present value of cash flows.

» The present value increases from $1,000,000
to $2,250,000.

\

6.3 Complex Cash Flow Streams

Complex Cash Flow Streams

» The cash flows streams in the business world
may not always involve one type of cash
flows. The cash flows may have a mixed
pattern. For example, different cash flow
amounts mixed in with annuities.

» For example, figure 6-4 summarizes the cash
flows for Marriott.
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Complex Cash Flow Streams

Present Value of Single Cash Flows and an Annuity ($ value in millions)

refih

N'].'GJ

17800 =
-333.83
2
5234354
Total preseat velunn 52/ _t
Beginaing of year 4 oc
End of year 3

Complex Cash Flow Streams

by summing up all the individual cash flows by
proceeding in four steps:

3.
from years 4 through 10.

three years to the present.
4. Add present values from step 1 and step 3.

» In this case, we can find the present value of the project

1. Find the present value of individual cash flows in years 1, 2, and

2. Find the present value of ordinary annuity cash flow stream

3. Discount the present value of ordinary annuity (step 2) back

Checkpoint 6.6

The Present Value of a Complex Cash Flow Stream

What is the present value of cash flows of $500 at the end of years
through 3, a cash flow of a negative $800 at the end of year 4, and

discount rate is 5%?

cash flows of $800 at the end of years 5 through 10 if the appropriate
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Checkpoint 6.6

STEP 1: Picture the problem

B Time Per 0 m
| ' ' 1
B Cash Flow §5 $500 59 I 5
Present .JJ_‘
value
eqquibs the
sum of the

three preseat
vilver .—F N
3
S
ii_\\
“The vabue ofthe 5500 annuiey = Vioe of 6-year, 5800 ansity a5

at the end of year 4 & then Begiming of year § & beginsing of year § (end of year 4)
discountod back 1o present. End of year 4

Checkpoint 6.6

STEP 2: Decide on a solution strategy

This problem involves two annuities and the sihgle (negative) cash flow. Once their present value Is determined
they will be added together. The $500 annuity over years 1 through 3 can be discounted cirectly to the present
using Equation (6-2t), while the $800 cash autfiow at the end of year 4 can be discounted back o present us-
ing Equation (€-2). Since itis an cutflow, t wil carmy a negative sign and be subtracted from the present value of
the inflows. To determine the present value of the 6-year, 800 annuity over vears 5 through 10, we must first
consolidate the 6-year annuity that runs from years & through 10 into an squivalent single cash flow at the begin-
ning of year 5, whichis the same as the end of year 4, using Equation (B-2b). We now have an equivdent sin-
gl cash flow at the end of yaar 4 that we can biing diractly back to present using Equation (5-2). Once everything
Is i today's dllars, we simply add them togetner.

Checkpoint 6.6

STEP 3: Solve
Using the Mathematical Formulas,

T Step 3 cont.
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Checkpomt 6 6

Umgarmanmlt:alcﬂw
@ T ke of kel vy
S_l..m

Enter

IJE]E]@EJ

Salve for -1.361.62

fb) The prasant value of the $300 cash outflow (thus it is given & nagative sign bacaiss it is an outfiow

P EE®E

Salve for 638,16

Step 3 cont.

Checkpoint 6.6
T o me®e

Salve for 406055

Checkpoint 6.6

STEP 4: Analyze

rinciple 1: Money Has a Time Value v

Principle 3: Cash Flows Are the
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Checkpoint 6.6: Check Yoursel¥

What is the present value of cash flows of:
$300 at the end of years 1 through 5,
-$600 at the end of year 6,
$800 at the end of years 7-10

if the appropriate discount rate is 10%?

\

Step 1: Picture the Problem

i=10% 0 J 15[ 6 [7-10
Years
Cash flows $300  -$600  $800

)

PV equals the PV in 2 steps: (1) PV of

PV of ordinary PV equals PV ordinary annuity for 4

annuity of $600 years (2) PV of step 1
discounted back discounted back 6 years
6 years

Step 2: Decide on a Solution Strategy

» This problem involves two annuities
o (years 1-5, years 7-10) and
> single negative cash flow in year 6.

» The $300 annuity can be discounted directly
to the present using equation 6-2b.

» The $600 cash outflow can be discounted
directly to the present using equation 5-2.
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Step 2: Decide on a Solution Strategy

» The $800 annuity will have to be solved in
two stages:
> Determine the present value of ordinary annuity for
four years.
> Discount the single cash flow (obtained from the
previous step) back 6 years to the present using
equation 5-2.

\

Step 3: Solve

» Using the Mathematical Formula

» (Step 1) PV of $300 ordinary annuity

I — e

(1 +ir

Present Value = PMT| ——
i

Step 3: Solve

» PV = $300 {[1-(1/0.105] = (10)
= $300{[ 0.379] = (.10)}
= $300{3.79)
=$1,137.24
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Step 3: Solve

» Step (2) PV of -$600 at the end of year 6

» PV =FV = (14i)"

» PV = -$600 = (1.1)°
= $338.68

\

Step 3: Solve

» Step (3): PV of $800 in years 7-10

» First, find PV of ordinary annuity of $800 for 4

years.

» pv = $800 {[1-(1/(1.100] = 10y}
= $800{[.317] = (.10)}
= $800{3.17)
=$2,535.89

Step 3: Solve

» Second, find the present value of $2,536
discounted back 6 years at 10%.

» PV=FV = (14i)"
» PV = $2,536 + (1.1)°
=$1431.44
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Step 3: Solve

v

Present value of complex cash flow stream
= sum of step (1) + step (2) + step (3)
$1,137.24 - $338.68 + $1,431.44

= $2,229.82

\

Step 3: Solve

» Using a Financial Calculator

Step 1 Step 2 Step 3 Step 3
(part A) (Part B)
N 5 6 4 6
17y 10 10 10 10
PV $1,137.23 $338.68 $2,535.89 $1,431.44
PMT 300 0 800 0
Fv 0 -600 0 2535.89

Step 4: Analyze

» This example illustrates that a complex cash
flow stream can be analyzed using the same
mathematical formulas.

» If cash flows are brought to the same time
period, they can be added or subtracted to
find the total value of cash flow at that time
period.




H19EL + (1.06)

396,04 + 106"

3141 +(1.06)

PV of Annaity = $2,106.18
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